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Yang—Lee Zeros of the Potts Model
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The Yang-Lee zeros of the three-component ferromagnetic Potts model in one
dimension in the complex plane of an applied field are determined. The phase
diagram consists of a triple point where three phases coexist. Emerging from the
triple point are three lines on which two phases coexist and which terminate at
critical points (Yang-Lee edge singularity). The zeros do not all lie on the
imaginary axis but along the three two-phase lines. The model can be general-
ized to give rise to a tricritical point which is 2 new type of Yang—Lee edge
singularity. Gibbs phase rule is generalized to apply to coexisting phases in the
complex plane.
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1. INTRODUCTION

It was pointed out in 1952 by Yang and Lee!” (YL) that the behavior of
the zeros of the partition function in the complex plane of a field variable
H is closely related to the occurrence of phase transitions. The thermody-
namic properties, in the thermodynamic limit, are determined by the
density of zeros of the partition function. The application of the results of
YL to the study of phase transitions has been limited because of the
difficulty in obtaining the distribution of these zeros. The distribution of
zeros has been studied in a number of spin models.”? For a variety of
ferromagnetic models, including the Ising!” and spherical models,® the
zeros lie on the imaginary field axis. A rigorous proof of this result for one-
and two-component ferromagnets has recently been given by Lieb and
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Sokal.“? However, this result is not expected to be generally true and it is
thus of interest to study other models.

In the thermodynamic limit the locus of YL zeros can be found by
analytically continuing the magnetization M in the complex field plane and
locating the branch cuts of M. The discontinuity in M across the cut is
proportional to the density of zeros. The lines of zeros are thus the phase
boundaries. In the one-dimensional Ising model the zeros lie on the
imaginary axis beginning at H = = iH(T). The edge of this gap is called
the YL edge singularity and is a branch point of M(H). Fisher®® has
introduced a critical exponent ¢ to describe the behavior of the density of
zeros near this edge. In the one-dimensional Ising model 6 = — ] and in
mean field theories 6 = 1.

In this paper we study the YL zeros of the three-component ferromag-
netic Potts'® model in one dimension in the complex plane of an applied
field. This model is found to have an interesting phase diagram consisting
of a triple point where three phases coexist. Emerging from the triple point
are three lines on which two phases coexist. These lines terminate in critical
points. From a mathematical point of view the triple point corresponds to
the point where three eigenvalues of the transfer matrix have the same
magnitude. Such an event generally requires a special symmetry (which
occurs in the Potts model). On the two phase lines two eigenvalues have the
same magnitude and thus the distribution of zeros on these lines is similar
to that for the one-dimensional Ising model. At the critical points the two
eigenvalues become equal and the density of zeros in the thermodynamic
limit diverges as in the Ising model with an exponent of ¢ = — 1. The zeros
only lie on the imaginary field axis at zero and infinite temperatures. At
any finite temperature one of the two phase lines lies on the imaginary field
axis and the other two lines extend into the complex plane and are complex
conjugates.

By including a second complex field the region of triple points be-
comes a plane in the four-dimensional space of the two complex fields. This
plane contains tricritical points at which the three phases simultaneously
become identical. The density of zeros diverges with a — 2 exponent as the
tricritical point is approached. The tricritical point corresponds to the
intersection of three planes of critical points. These considerations lead to a
generalization of Gibbs phase rule to describe coexisting phases in the
complex plane.

2. TRANSFER MATRIX

In the Potts model at each site of a regular lattice of N sites we place a
spin which can take on g values. Nearest-neighbor like and unlike spins
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have an intersection energy —e and 0, respectively. In the g-component
model it is possible to apply ¢ — | independent “magnetic fields” to each
spin. The determination of the distribution of YL zeros in this multidimen-
sional complex space is complicated and it is desirable to simplify the
problem. (We discuss the general problem in Section 8.) We choose the
“magnetic field” H acting on each of the spins such that the different states
of a spin labeled by r =1 ... g have field energies H(g + 1 — 2r) (4 even)
and H|[(q + 1)/2 - r] (¢ odd). We treat even and odd ¢ differently to avoid
factors of 1. There is thus a splitting of 2H (g even) and H (g odd)
between adjacent states. With this choice for the field energies the zeros of
the partition function of a single spin in the field lie on the imaginary H
axis at 22 = /¥ = ¢ = 271/ (g even) and z = /KT = " = ¢2™1/4 (4
odd) withr=1...g—-1.

Most of the discussion below is for the ¢ = 3 component model in one
dimension. We are interested in the analytical behavior of the N site
partition function Z, (x,z) where x = e "/*T, This can be written

ZN(x,z)=Tr[T(x,z):|N (2.1)
where the transfer matrix

I x x)(z
T(x,z)=|* ! ’1‘ b (22)
X

z

X

Since Z is a palindromic polynomial in z (symmetric with respect to
z—>1/z) with real coefficients, its roots occur in real pairs (§, 1/¢), in pairs
of modulus one (e*¥), or in quartets (e***¥). T has the characteristic
equation,

fy =X - 3p_>\2 +3pAA—A;=0 (2.3)

where 3p=z+ 1+ 27", Ay=(1 — x?) and A; = (1 — x)’(1 + 2x). This re-
sult is generalized to g-component models in Appendix A. The partition
function can be written

Zy=A" + Y+ (2.4)

where the A, are the three roots of (2.3). It is convenient to introduce
A = A,!/%g, the characteristic equation becomes

flo)= a® —3po* +3pra — 1 =0 (2-5)
where p = p/A;'/? and r = A, /A;'/3. The partition function is then
Zy = ANP, (2.6)
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with
Py=o0"+0," + 0o 2.7
where the o, are the three roots of (2.5). For later purposes we note that
Jp=0,+06,+ 04
3pr=0,0,+ 0,0, +0;0,=0, ' +a, ' +0,7! (2.8)
1 = 6,0,0,

We first consider some simple cases where the roots of (2.3) are easily
obtained.

(a) Zero temperature (we treat x = e~ “*T and z as independent
variables):
A=A =1, A=z, A=2z"1 A=1
2 = B3 1 2 3 (29)
Zy=z"+z"V+1
which has the roots at
=271 2mi(;4 2 = -
h—N(l+3), N(1+3), 1=0,1,...,N—1
Thus all the YL zeros lie on the imaginary A axis.
(b) Infinite temperature:
A=A, =0, A=A, =0, A =3
2 3 1 2 3=23p (2.10)

Zy=(z+z'+1)"

which has roots at A =27i/3, 4wi/3 and again the zeros lie on the
imaginary axis.

(c) Triple point:

p=0, = w,w% A =421, 0,07

2.11
Zy = 0"P(1+ oM + o) 19
where w = ¢?™/3, Thus Z, = 0 for N % 3m and h = 27i/3,47i /3 are zeros
for all temperatures for N = 3,6, . . . . We will refer to this point where the
three roots of (2.3) have equal magnitudes as the triple point. It will be
shown below that three two-phase lines meet at this point.

(d) Zero field:

p=1, k=0, A=A=1-x  A=I1+2x (212

which are just the eigenvalues for the Potts model in zero field. The
partition function is positive at this point.
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3. RECURSION RELATIONS

In this section we show that the partition function (PF) satisfies a
recursion relation. We first illustrate the method for the Ising model
(g = 2). In this case the characteristic equation is

fPo)y=06>—PPo+1=0 (3-1)
where P,? = (z + 1/z)/A,'/? and the PF
Zy® = AN2PD (3.2)

We use a superscript 2 to denote the g = 2 case. In (3.1) P, is the PF of a
single spin (in units of A,'/?). Now consider f®(0)f‘®(— o); in this product
replace 62 by ¢

[fP(0)f P (=0)],.,,= 0"~ (PP = 2)a+1
=¢’— P, + 1 (3.3)

where P,'? is the PF for two spins. This procedure can be continued and
leads to the recursion relation for the partition function

PO =p O _) (3.4)

where P, = P,.. At each iteration we double the size of the lattice. Iteration
procedures in which the lattice size is increased by 3,4,... are also
possible and result from considering f(6)f(wo)f(w%), etc. in place of (3.3).

The recursion relation (3.4) can be written in the logistic® form
X1 =Ax,(1 — x,) with A =4. In order to find the zeros of P, we must
determine what values of z, i.e., P, are mapped into P, = 0 by (3.4). Setting
P, =2cos¢,, Eq. (3.4) reduces to

O =20, =+ =2"1¢, (35)
and the zeros of P, are at
¢, =2""1oy=(l+L)m, I=1...2"" (3.6)

In terms of the magnetic field the YL zeros lie on the imaginary % axis.
Setting 4 = if from (3.6) we have
(I+1/2)7

cos ¥
A2’S/2 = cos——ﬁ—— (EN))

4 For a review see Ref. 7.
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where we have replaced 2" ! by N. The density of zeros'! per spin is given
by

1| 9¢, 1 sin #
8(9)=— ——l=—————— (3.8)
T 80 7 (A2 _ COSZg)l/Z
and thus diverges with an exponent o = — 1 at the YL edge cos™d = A,.

The above procedure can also be applied to the Potts model. In the
three-component case the characteristic function Eq. (2.5) f(o) =0’ —
P0* + Q,6 — 1, where P, =3p and Q, =3pr. P, is the partition function
of a single spin (in unity of A,'/*). Following the same procedure as in (3.3)
we obtain the recursion relations

Pn= Pnz‘l —2Qn—l
Qn= Qn2—1 —2Pn~1

which now involve two parameters. Q, may be shown to be the partition
function of a reciprocal Potts model. Thus the function f(s), Eq. (2.5), is
preserved under the transformations p— pr, r>r~!, 6> ¢~ '. Then

0,(p.r)y=P,(pr.,r™")

P.(p.r) = Qu(prr™)
so that Q,, is the PF of the same model with parameters pr, r~'. Any root of
P,(P.r). say, p = pi(r). gives a root of 0,(p.r), p = (1/Pp(1/7).

The recursion relations (3.9) can be used to analyze the properties of
the Potts model PF. However, the properties of the recursion relations are
most easily obtained from the roots o, of (2.5) because P, =0, +
o,” ' +02 0, =07 "+0, %+ 0,77, At a triple point where we
have three roots of unit magnitude the recursion relations map into them-
selves. At any other point the recursion relations eventually map to infinity
because there are one or more roots of magnitude greater than 1. If there
are two roots 6, = Re'®*¥ g, = Re/*”¥ with R > 1 then after a number
of iterations these two roots dominate P, and 0, ~o0,"%" = R%e*?. The
recursion relations then become of the Ising form (3.5) and the angles ¢,y
double at each iteration. Some further properties of the recursion relations
are given in Section 8. We now turn to a study of the roots of (2.3).

(3.9)

(3.10)

4, ROOTS FOR REAL p
We consider the roots of (2.3) for p real and write it as

3p= A 4.1
P = XA =Dy 4.
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Fig. 1. Sketch of Eq. (4.1).

This function is sketched in Fig. 1. At p=1 there is a double root
A=1— x and a single one A = 1 + 2x and for p > 1 there are three positive
roots and Z, > 0. For p < p, we have one positive and two negative roots
and again it can be shown that no zeros of the PF occur. The two negative
roots coalesce at p; which is determined by eliminating A between f(A) =0
and f'(A) =, i.e., the vanishing of the discriminant of f(A) (see Section 5).
For p;<p <1 wehave z =e? p=1(1+2cosd) with 7 > § > 0. We
have one positive root A; with A, <A, < 1+ 2x and two complex conjugate
roots A, , = Re*¥. These satisfy the equations
3p=MA;+2Rcosy
3pA, = R? + 2)\;R cosy 42)
Ay =MR2

Forp=0A;=R=A,"3, 6=y = +27/3. This is an invariant point of the
6, mapping. Choose 0 < ¢ < 7 and then

1>p>0, 0<¢<33E, R<A,
(4.3)
7 <p<0, 77>4/>2—377-, R >\
We are now in a position to consider the PF

Zy =N\" + 2R"Ncos Ny (4.4)
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Fig. 2. Sketch of cos Ny and —(1/2)(A;/R)" versus y. For ¢ =27/3 the latter passes
through —1/2.

From (4.2) A;, R, and p can be considered to be functions of y, the
intersections of cos Ny and —(1/2)(A;/ R)" are sketched in Fig. 2 for small
N. The line —(1/2)(\;/R)" always passes through —1/2 for ¢ =27/3.
For x = 0, this line is horizontal and there are N intersections correspond-
ing to Z,, = 0. The intercept of this line at ¢ = 0is —(1/2)[(1 + 2x)" /(1 —
x)]. As x increases, this line approaches the y axis for ¢ > 27 /3 and moves
away from this axis for ¢ < 27 /3. Consider the cases N > 3 in Fig. 2. As x
increases the two roots near #/N coalesce to become a double root and
then move into the complex p plane as x is further increased. For N = 3,4,
5 only one such double root occurs, but for N > 6 there can be two such
double roots, for N > 9 there can be three such double roots, etc. The
values of ¢ near where this behavior occurs are ¢ =7 /N,37/N, ...,
@r—1Dw/N,r=1...[N/3), where [N /3] is the integer part of N /3. For
—1/3< p <1, z lies on the unit circle and when p becomes complex z
moves off the unit circle. Consider some PF Z, (x,z). At x = 0 all the zeros
lie on the unit circle and as x increases the first pair of zeros, say, z,,z, and
z¥,z¥, move toward each other and become double zeros. As x further
increases they split and move away from the unit circle perpendicularly

+if

forming a quartet [re**,(1/ _r)ei""]. This process is then repeated by the
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next pair of zeros on the unit circle and the process is repeated at increasing
8 until the last pair before # = 27 /3 coalesce and the process stops. As ¥
increases the process occurs at smaller values of x and in the limit N = oo,
x >0 we obtain three branches of zeros which meet at the triple point
p=0,0=y==*27/3 In terms of the magnetic field for x sufficiently
small all the YL zeros lie on the imaginary % axis. As x increases they split
off in pairs giving rise to zeros at = k; = if}, where A, is real. In the N = oo
limit in the upper half % plane we have three lines of zeros meeting at
8 =27 /3. The zeros on the imaginary 4 axis lie in the region 27 /3 < 6
< §,, where 2cosf, + 1 = p,. We now analyze in more detail the positions
of the zeros for complex p.

5. CRITICAL POINTS

The critical points where the lines of zeros terminate (for N — o0)
occur at those values of p at which we have two equal roots of the
characteristic equation (2.3). The equation for p is obtained by elimination
of A between f(A) = 0 and f'(A) = 0, i.e., the vanishing of the discriminant of
f(A). This is easily shown to be proportional to

D(p)=(As — p*Ay) —4(pAy — p*)(pls — p?AY) (5.1)

which is a quartic in p. We already know one root corresponding to the
zero field case p =1, A=1~ x,1 — x,1 + 2x. The other three roots corre-
spond to the critical points and there is one real, negative root p; and two
complex conjugate roots. These are given in Appendix B.

At low temperatures (x < 1) the critical points are at

__ 1. x X 3x2 .
At high temperatures (1 — x < 1) the zeros move toward p =0 and the
critical points are at

p=[3(1= )] (= Le) (53)

Thus the phase diagram (lines of zeros of the PF) consists of three lines
beginning at the triple point p =0 and terminating at the above three
critical points. On these lines two phases coexist, while at the triple point
three phases coexist. At the critical points where two roots of the character-
istic equation become equal the density of zeros (for an infinite system) will
diverge with an exponent of —1/2 as in the Ising case Eq. (3.8). At the
triple point the density of zeros is finite.



312 Mittag and Stephen

In the A plane the triple points lie at A = = 2% /3. The critical points at
low and high temperatures may be found from (5.2) and (5.3):
h=i(m— x), 33/ Axemi/A1=1/6) x<1
(54)
h=2ai/3 = i3 [3/4(1 = xp] P(Lem 20T - x<l

There is another set of critical points in the lower half 4 plane obtained by
taking the complex conjugate of the above results.

6. DISTRIBUTION OF ZEROS

In the thermodynamic limit the locus of zeros of the PF can be found
by analytically continuing the magnetization in the complex field plane and
locating the branch cuts of M. The discontinuity in M across the cut is
proportional to the density of zeros. In order for the magnetization to show
a cut it is necessary that the two large eigenvalues have equal magnitude.
Thus we can determine the locus of zeros as those lines in the complex p
plane where two roots of the characteristic equation have the same magni-
tude. In this plane there are three such lines beginning at the triple point
p =0 and terminating at the critical points determined in the previous
section.

(a) On one of the two phase lines p is real p, < p <0 and the roots
have the form

o,=0f=Re"¥,  o,=R7? (6.1
Substituting in (2.8) and eliminating p gives
p4
2cosy = R =L (62)
rR*—R
The curve of R versus ¢ has been determined numerically and is shown in

Fig. 3.
(b) The other two phase lines are complex conjugates. On the line
where |o,| = |o] the roots can be written in the form
o,= Re/®*H 5, =Re®V = g,=R %% (6.3)

Substituting these results in (2.8) and eliminating p the real and imaginary
parts can be written

— — 1/2
(rR* + 1)(R* - 1)
2cos¢p = —
RZ(R2_r2)
_ (6.4)
4
cosy = R +r cos¢

R_(Ezr + 1)
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b

Fig. 3. Pairs of roots of equal magnitude for r = 0.5. The unit circle is shown dotted. The YL
zeros (in the thermodynamic limit) correspond to the regions outside the unit circle. (a) The
line Re¥ on which [a,| = ]6,|; (b) the line Re**¥) on which |o|| = |6y and its complex
conjugate b* on which |6,| = |o4].

27/3
S

\(21#3

Fig. 4. (a) Phase diagram in the p plane for r = 0.5. (b) Phase diagram in the H/kT plane.
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which are again suitable for numerical evaluation. The results are shown in
Fig. 3.

From the values of the roots we can determine p and the phase
diagram in the p plane (Fig. 4a) and the & plane (Fig. 4b).

Close to the triple point the two complex two-phase lines each make an
angle a with the real positive p axis given by

1__
tana =3 T : (6.5)

as T—>0 r— 1 and « vanishes. In the / plane the two complex critical lines
in the upper half-plane make the same angle a with the negative imaginary
axis.

7. MAGNETIZATION

In the thermodynamic limit the locus of YL zeros corresponds to
branch cuts in the magnetization M. The magnitude of the discontinuity in
M across the cut is proportional to the density of zeros g(h):

g(h) =5 1M(h, )= M(h_)| (1)

where h_ refers to the two sides of the cut. By differentiation of (2.7) and
(2.8) with respect to k,

_ 1 dnZz
M=% oh

2sinh A N N N

==2"" g +o0 + o 7.2
A31/3PN[ " 2 fa 3f3:| (7.2)

where
g, — Fr

fi= ‘ (13)

(01~ 03)(0, — 03)

and f,, are obtained by cyclic permutations of the subscripts. In the
thermodynamic limit Z is determined by the eigenvalue of greatest magni-
tude and in order for the magnetization to show a cut it is necessary that at
least two eigenvalues have equal magnitudes on the cut. These eigenvalues
have been denoted by g, and g, in Eq. (6.1) and then the density of YL
zeros is given in terms of the eigenvalues by’

sinh i (7 1)

7TA31/3

This formula can be used to evaluate the density of zeros. We have already

(7.4)

3 The same formula can be obtained by noting that the density of zeros along the two-phase
line (6.1) is uniform in ¢ and equal to 1/« for large N. Thus g(h) = (1/7)|dy/ dh|.
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noted that at the critical points the density diverges as in Ising case Eq.
(3.8) with an exponent of ~1/2. Close to the triple point it is found that

5 1/2
- 1+ (I1—r+r%

C 2aA 27,13

(15)

where the two results refer to the branches (6.3) and (6.4), respectively.

8. DISCUSSION

In this paper we have discussed the distribution of YL zeros in the
one-dimensional, three-component Potts model. The new feature in this
model, not present in the Ising model, is the possibility of three roots of
equal magnitude which leads to the appearance of a triple point in the
phase diagram. It is clear that in higher-component Potts models more
complicated multiple points will occur. The YL zeros at zero temperature
lie on the imaginary field axis but as the temperature is raised they split off
in pairs from this axis forming, in the thermodynamic limit, the phase
diagram shown in Fig. 4.

We have discussed in detail the case where the applied field splits the
spin states equally in energy. In general two independent fields, say, H,
and Hy, can be applied to the three-component Potts model. In this case a
new feature can appear in the phase diagram, i.e., a tricritical point where
the three phases simultaneously become identical. For two independent
fields Eq. (2.5) generalizes to

f(o)=0>—3pe>+3p,ro—1=0 (8.1)
where
1 _
P = W(ZA +zp + (2425) 1)
> (8.2)
P2 = —1‘_(5/1—l +z,7 "+ z42p)

3A31/3

where z, 5 = e”+#/¥T_ The energies of a spin in the fields are H,,Hy,
~ H,— Hg. H, and Hy are complex variables so that the phase space is
four dimensional.

The region of triple points is determined by requiring that (8.1) have
three roots of unit magnitude. If we write these in the form e, e, and
e—i(‘l’l+'f’/z), then

3[71 — 3P§<r = e 4 o2 4 o i¥1td) (83)

The triple points thus lie on a two-dimensional surface (at constant 7).
Equation (8.3) can be solved for z,, z,, and (z,z;) ! and they are the three
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Fig. 5. Deltoid region of triple points in the p; plane. The tricritical points are at the vertices
1, w, w?

solutions of
3pt
2} = 3p, A2 + — AV —-1=0 (8.4)

In the p, space the surface of triple points (8.3) is a deltoid shown in Fig. 5.
On the edges of the deltoid we have ¢, = ¢, so that on these lines two
phases become identical. At the corners of the deltoid the three roots of
(8.1) are equal and are 6, = 1, w, or w?. These points are thus tricritical
points. We also note that the region of triple points is preserved under the
map (3.9). The tricritical point p; = 1 is an unstable fixed point of the map
(3.9) and the other two p, = w, @ are an unstable two-cycle.

The behavior of the density of zeros near a tricritical point is of
interest. If we set 3p;, =3 — §;, 375, = 3 + 4§, where &, and §, are small it is
easily shown that the roots of (8.1) are

o=1+8%  oxl+w8'  axl+eB!? (8.5)

where 6 =8, +8,. From (7.2) we conclude that the density of zeros
diverges as & “2/3 as we approach the tricritical point leading to an
exponent 0 = —2/3 for a tricritical point. This assumes that the direction
of approach to the tricritical point is not tangential to any of the lines of
critical points meeting there. On these lines the density of zeros diverges
with the Ising exponent ¢ = —1/2. A crossover function can be con-
structed to describe this behavior.
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We have found that there are interesting multiple and multicritical
points in the complex plane of the field variables. This suggests a general-
ization of Gibbs phase rule. Suppose we have ¢ components and m
coexisting phases. The intensive thermodynamic variables are T and
{g — 1) complex field variables giving a total 24 — 1 intensive variables (2¢
if we include the pressure). For real fields the condition for two coexisting
phases is that the free energies of the phases be equal. When the intensive
variables are complex, the PF and the free energy are complex and it is
necessary to generalize this condition. In this paper we have found that, in
the thermodynamic limit, two coexisting phases require that the two largest
eigenvalues of the transfer matrix have the same magnitude; three coexist-
ing phases require that the three largest eigenvalues have the same magni-
tude, etc. Thus the PF’s of coexisting phases have the same magnitude but
different phase angles. This suggests that the condition for coexisting
phases in the complex plane requires that the real part of the free energies
be equal and that the phase angle of the PF (imaginary part of the free
energy) can be arbitrary. Thus m coexisting phases lead to m — 1 condi-
tions and the number of thermodynamic degrees of freedom is f = 2g — m,
(29 — m + 1 if the pressure is included). Thus for ¢ = 3 the triple points
(m = 3) occupy a three-dimensional region (including 7') and double points
(m =2) a four-dimensional region. At a critical point an extra condition
arises and f=3, and at a tricritical point two extra conditions arise
and f=1.

APPENDIX A

We derive the characteristic equation for the one-dimensional
g-component Potts model in the case of a single field which splits the states
equally. If no external field is present the characteristic function is

A7 + (‘{)Al(x)m—l + (Z)AZ(X)Aq'z e EA(x) (Al)

where A (x) = (1 - x)?7![1 + (g — 1)x] and the upper and lower signs are
for g odd and even, respectively. Similarly, if x = 0 and the field is present
(z = e®/¥T) the characteristic function is

g =A=z"UD2) A-zTHYA-DA-2)
(A= z("“’)/z), g odd
=A-z7UDYy A=z HA-2)...(A-z7"), geven
(A2)
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In either case we obtain an equation like
g, A) = A= (DA + $IP(2)AT2 - F 1 (A3)
with ¢2(1) = (}), ¢x(2) = ¢, (2)-

When x # 0, z # 1 the characteristic function is
JA) = A= o)A (AT + ¢SP(2)A(x)NT72 - FA(x)  (A4)

We now study the properties of ¢{?(z). First consider ¢ even and change A
to —A for convenience. Then

son=(e (e ) (e )

This function satisfies a functional equation
(L + A7 D) g (A = (L + Az ) gy (=) (A5)

which can be used to determine the series (A3). Substituting this series in
(AS) and equating coefficients of A on both sides gives

@ iR gt sinh(q — k)BH )
o (2) = S —TE o P(z) = mﬁ%q’(z) (AO)

which gives an iterative procedure for determining the ¢,. For g odd the
same result holds if we replace z by z'/2.

APPENDIX B

The characteristic equation (2.5) has double roots whenever its discrim-
inant D(p), a quartic, vanishes; there are four such roots. Instead of
analyzing D(p) it is simpler to study f(g). Let 7 be the double root; then
0, = 6, = 7 and 6, = 7~ . The two equations (2.8) involving p as a symmet-
ric function of the roots are

= _ -2
3Jp=2r+1 (BI)
3rp= 277 412
A quartic g(7) can be obtained by eliminating p between the two equations
above

g(n)y = =23+ 27— r (B2)

It can be shown that g(7) has only one root inside the unit circle for
0 < r < 1. Bowman® considers the equation

sn(2u,v) = sn(K(y) — u,v) (B3)
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where vy is the modulus and 4K(v) is the real period of the elliptic function
sn(u,v). From Eq. (B3) a quartic in 5 = sn(u,y) can be derived:

yu4 =295+ 25— 1=0 (B4)
Bowman finds the following amplitudes:
u=3K(v). 3K()+ikK'(y), KM =*3iK'(v)  (BS)

thus solving Eq. (B3). If in Eq. (B4) we let 7 = rs; r° = y? then Egs. (B2)
and (B4) become identical. An irreducible set of roots is

7 =rsn(3K,7)

T, = rsn(3K + 3iK',y)

T34 = rsn($K £ 3iK',y)
{1,>0,7,<0,13=1f}, {Iml <1 <], i=2,3,4}

(B6)

Another quartic 2{w) can be constructed from g(r) by forming
7*e(1 /7 )g(—1/Vm ) = h(w). Clearly the roots of h(w) are 7%, 7,2 7772,
74 2. The reciprocal transformation

r—p
= B7
i 1—-r% (B7)

applied to A(«r) = 0 implies D(p) = 0. The roots of the discriminant are
rzp'j = dn2(zg,y)/cn2(%,y) = yzsnz(uj + K+ iK', v)

An irreducible set of roots of the discriminant D(p) is
Pu=rsn(GK+iKy),  pa=rn(3K + LK)
Py =rsn*(3iK',y),  py=rsn* (2K — LiK',¥) (B8)
{ﬁl >0,p,<0,ps =]72<}

The same result can be obtained by noting that the discriminant D(p)
occurs as the denominator of the expansion of sn(3u,v),cn(3u,y),dn(3u,v)
in powers of s = sn(u,y) (see Ref. 8).
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